Abstract It is known that alternative links are pseudoalternating. In 1983 Louis Kauffman conjectured that both classes are identical. In this paper we prove that Kauffman Conjecture holds in the particular case of knots of genus one. However, it is not true in general, as we also prove by finding two counterexamples: a knot of genus two and a two-components link of genus one, showing that both values (the number of components and the genus) cannot be increased. In the way we will work with the intermediate family of homogeneous links, introduced by Peter Cromwell.
Introduction
In [7] Louis Kauffman defined the family of alternative links, as an extension of the class of alternating links which preserves some of the nice properties of this well-known * Partially supported by MTM2010-19355 and FEDER. [8] . Alternative links are pseudoalternating, and Kauffman conjectured that the converse also holds: Conjecture 1.1. [7] The classes of alternative and pseudoalternating links are identical.
Although this conjecture was stated by Kauffman, Mayland and Murasugi posed a similar question in [8] . In this paper we prove Conjecture 1.1 for the particular case of knots of genus one, and we provide counterexamples for higher genus and higher number of components. Namely, we present a genus two knot and a genus one two-components link which are pseudoalternating but not alternative.
The plan of the paper is as follows. In Section 2 we recall the definitions of alternative and pseudoalternating links; we also recall the definition of homogeneous links, an intermediate family introduced by Peter Cromwell in [3] . In Section 3 we find a link which is pseudoalternating and non-homogeneous, hence non-alternative: L9n18{1}, a genus one link of two components. In Section 4 we show another counterexample: knot 10 145 , whose genus equals two. Finally, Section 5 is devoted to prove that Kauffman Conjecture holds in the case of genus one knots, providing an alternative proof of the characterization of homogeneous genus one knots given in [6] ; we also give an upper bound for the number of primitive flat surfaces plumbed to construct a generalized one spanning a given pseudoalternating link.
Alternative, Homogeneous and Pseudoalternating Links
As the alternative, homogeneous and pseudoalternating characters of a link are orientation dependant, from now on all links will be oriented and non-split.
Given an oriented diagram D of a link L, it is possible to smooth every crossing coherently with the orientation of the diagram. After doing this for all crossings in D, we obtain a set of topological (Seifert) circles. Following Kauffman, the spaces of the diagram D are the connected components of the complement of its Seifert circles in S 2 , as opposed to the regions of the knot diagram. Draw an edge joining two Seifert circles at the place where there was a crossing in D, and label the edge with the sign of the corresponding crossing (+ or −). We will refer to the resulting set of topological circles and labeled edges as the Seifert diagram of D, because of the analogy of this process to Seifert's algorithm for constructing an orientable surface spanning a link. We consider now the family of homogeneous links, introduced by Peter Cromwell in 1989 [3] . In the two following Sections we will present two pseudoalternating links which are not homogeneous, hence non-alternative; these links are counterexamples to Conjecture 1.1.
A genus one link counterexample to Kauffman Conjecture
The main problem when trying to deal with Kauffman Conjecture is that identifying whether a link is alternative or pseudoalternating is not easy. Of course, by finding an alternative diagram one shows the alternativity of a link, but this does not help when the link is not alternative. In this sense, working with the family of homogeneous links will help us.
Cromwell's paper [3] is devoted to the study of homogeneous links; he provides some sufficient conditions for determining the non-homogeneous character of a link. In particular, we will use the following result: We are ready now to prove the following result: 
A genus two knot counterexample
At this point one can wonder if there exist links which are pseudoalternating and nonalternative with any possible orientation of its components. In this Section we give such an example by finding a knot of genus two with these properties, as pseudoalternating, homogeneous and alternative characters are not orientation-dependant in the case of knots.
We present a knot of genus two which is pseudoalternating and non-alternative, showing that, in general, Conjeture 1.1 does not hold for knots. Theorem 4.1. There exists a pseudoalternating knot which is not homogeneous.
Proof. The proof is analogous to that of Theorem 3.2. Let K be the genus two knot 10 145 in Rolfsen table, with the orientation given in Figure 5 . Its Conway polynomial is ∇(K) = z 4 + 5z 2 + 1, so by Theorem 3.1 we deduce that K is not homogeneous, as 10 > 2 · 4. Since 10 145 is a non-alternating, non-positive knot of genus two, the following result of Stoimenov provides an alternative proof of Corollary 4.2. We remark that the definition of homogeneous link given by Stoimenov in [9] is equivalent to our definition of alternative link, taken from Kauffman [7] . As we said before, alternativity, homogeneity and pseudoalternation depend on the orientation in the case of links but not when working with knots. Moreover, a knot is alternative, homogeneous or pseudoalternating if and only if its mirror image is so. Since K = 10 145 oriented as in Figure 5 is chiral, its mirror image K * is another counterexample to Conjecture 1.1. Given a pseudoalternating link L, it is not easy to find a diagram which helps to find a generalized flat surface bounding the link. Here we give an upper bound on the number of non-trivial (that is, non-isotopic to a disc) primitive flat surfaces which can be plumbed in order to get a generalized flat surface bounded by L.
Genus one knots
We will use the following result: 
This completes the proof of Theorem 5.2. Proof. Let L be a pseudoalternating genus zero link, and let S be a generalized flat surface whose boundary is L. By Theorem 5.2 the surface S is plumbing of n + 1 ≤ 2g(K) + µ − Proof. Let K be a pseudoalternating genus one knot, and let S be a generalized flat surface whose boundary is K. By Theorem 5.2, as 2g(K) + µ − 2 = 1, S is plumbing of at most two non-trivial primitive surfaces. Lemma 5.3 completes the proof.
We have shown that a knot of genus one is pseudoalternating if and only if it is homogeneous. As a consequence, we obtain an alternative proof of the following result: 
